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1 Introduction
1.1 Orthogonal polynomials on the real line and spectral transformations
Let dµ be a non-trivial probability measure supported on I ⊆ R. The sequence
of polynomials {pn}n>0 where
pn(x) = γnx
n + δnx
n−1 + (lower degree terms), γn > 0,
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is said to be an orthonormal polynomial sequence with respect to dµ if∫
I
pn(x)pmdµ(x) = δn,m, m ≥ 0.
The corresponding monic orthogonal polynomials (with leading coefficient
equal to 1) are Pn(x) = pn(x)/γn, see [4,17]. These polynomials satisfy the
following three-term recurrence relation
Pn+1(x) = (x− bn+1)Pn(x) − dnPn−1(x), dn 6= 0, d0 = 1, n > 0, (1.1)
where the recurrence coefficients are given by
bn =
δn
γn
− δn+1
γn+1
, dn = a
2
n, an =
γn−1
γn
> 0, n ≥ 1.
Notice that the initial conditions P−1(x) = 0 and P0(x) = 1 hold. The three-
term recurrence relation (1.1) is often represented in matrix form
xP(x) = JP(x), P = [P0, P1, . . . ]
T
,
where J is a semi-infinite tridiagonal matrix
J =

b1 1
d1 b2 1
d2 b3 1
d3 b4
. . .
. . .
. . .
 ,
which is called the monic Jacobi matrix [12].
The Stieltjes or Cauchy transformation of the orthogonality measure dµ is
defined by
Sµ(x) =
∫
I
dµ(y)
x− y , x ∈ C \ I.
It has a particular interest in the theory of orthogonal polynomials on the real
line (OPRL, in short). Sµ(x) admits the following series expansion
Sµ(x) =
∞∑
k=0
uk
xk+1
,
where uk are the moments associated with dµ, i.e.,
uk =
∫
I
xkdµ(x).
By a spectral transformation of the S-function Sµ(x), we mean a new S-
function associated with a measure dµ˜, a modification of the original measure
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dµ. We refer to pure rational spectral transformation as a transformation of
Sµ(x) given by
Sσ(x) =˙ A(x)Sµ(x), A(x) =
[
a(x) b(x)
c(x) d(x)
]
, (1.2)
where a(x), b(x), c(x), and d(x) are non-zero polynomials that provide a ’true’
asymptotic behavior to (1.2) (see [20]). In (1.2), we adopt the notation =˙
introduced in [17], i.e., for the homography mapping
f(x) =
a(x)g(x) + b(x)
c(x)g(x) + d(x)
, a(x)d(x) − b(x)c(x) 6= 0,
we will write
f(x) =˙ A(x)g(x).
1.2 Orthogonal polynomials on the unit circle and spectral transformations
Let dσ be a non-trivial probability measure supported on the unit circle T =
{z ∈ C : |z| = 1} parametrized by z = eiθ. There exists a unique sequence
{φn}n>0 of orthonormal polynomials
φn(z) = κnz
n + (lower degree terms), κn > 0,
such that ∫ π
−π
φn(e
iθ)φm(eiθ)dσ(θ) = δn,m, m ≥ 0.
The corresponding monic polynomials are defined by Φn(z) = φn(z)/κn. These
polynomials satisfy the following recurrence relations (see [9,17,19])
Φn+1(z) = zΦn(z)− αnΦ∗n(z), n ≥ 0, (1.3)
Φ∗n+1(z) = Φ
∗
n(z)− αnzΦn(z), n ≥ 0, (1.4)
with initial condition Φ0(z) = 1. The polynomial Φ
∗
n(z) = z
nΦn(z
−1) is
the so-called reversed polynomial and the complex numbers {αn}n≥0 where
αn = −Φn+1(0), are known as Verblunsky, Schur, Geronimus, or reflection
parameters. Let notice that |αn| < 1. If we replace in (1.3) the sequence
{αn}n≥0 by {−αn}n≥0, then we obtain the sequence of second kind polyno-
mials {Ωn}n>0.
The Riesz-Herglotz transform of the measure dσ is given by
Fσ(z) =
∫ π
−π
eiθ + z
eiθ − z dσ(θ).
Since Fσ(0) = 1 and ℜFσ(z) > 0 on the unit open disc D = {z ∈ C : |z| < 1},
Fσ(z) is called a Carathe´odory function [10], or, simply, C-function. Let ck be
the k-th moment associated with the measure dσ, i.e,
ck =
∫ π
−π
e−ikθdσ(θ).
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Fσ(z) can be written in terms of the moments {cn}n>0 as follows
F (z) = 1 + 2
∞∑
k=1
ckz
k.
As for the real line case, by a spectral transformation of a C-function Fσ(z)
we mean a new C-function associated with a measure dψ, a modification of
the original measure dσ. We refer to pure rational spectral transformation as
a transformation of Fσ(z) given by
Fψ(z) =˙ E(z)Fσ(z), E(z) =
[
A(z) B(z)
C(z) D(z)
]
, (1.5)
where A(z), B(z), C(z), and D(z) are non-zero polynomials that provide a
’true’ behavior to (1.5) around the origin (see [2]).
1.3 Szego˝ transformation and Geronimus relations
Let us assume that the measure dµ is supported on the interval [−1, 1]. Let
introduce a measure supported on the unit circle dσ such that
dσ(θ) =
1
2
|dµ(cos θ)|.
In particular, if dµ is an absolutely continuous measure, i.e., dµ(x) = ω(x)dx,
we have
dσ(θ) =
1
2
ω(cos θ)| sin θ|dθ.
This is the so-called Szego˝ transformation of probability measures supported
on [−1, 1] to probability measures supported on T. We write the relation be-
tween dµ and dσ through the Szego˝ transformation as σ = Sz(µ). Of course,
under the previous considerations, we get
αn ∈ (−1, 1), n > 0.
There is a relation between the OPRL associated with a measure dµ supported
on [−1, 1] and the OPUC associated with the measure σ = Sz(µ) supported
on T,
pn(x) =
κ2n√
2(1− α2n−1)
(
z−nΦ2n(z) + z
nΦ2n(1/z)
)
. (1.6)
From (1.6) one can obtain a relation between the coefficients of the corre-
sponding recurrence relations, see [18],
dn+1 =
1
4
(1− α2n−1)
(
1− α22n
)
(1 + α2n+1) , n ≥ 0, (1.7)
bn+1 =
1
2
[α2n (1− α2n−1)− α2n−2 (1 + α2n−1)], n ≥ 0, (1.8)
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with the convention α−1 = −1. Notice that bn ≡ 0, n ≥ 1, if and only if
α2n = 0, n ≥ 0.
There is also a relation between the S-function and the C-function associ-
ated with dµ and dσ, respectively, as follows
F (z) =
1− z2
2z
S(x),
or, equivalently,
S(x) =
F (z)√
x2 − 1 ,
with 2x = z + z−1 and z = x−√x2 − 1.
The aim of this paper is to explore the connection between perturbed
orthogonal polynomials on the real line and the unit circle via Szego˝’s trans-
formation. The structure of the paper is as follows. In Section 2, we study the
relation between the associated and anti-associated polynomials of order k on
the real line and the corresponding sequences of monic orthogonal polynomials
obtained on the unit circle via the Szego˝ transformation. In Section 3, we study
the relation between the associated and anti-associated polynomials of order k
on the unit circle and the corresponding sequences of monic orthogonal poly-
nomials obtained on the real line via the inverse of the Szego˝ transformation.
In Section 4, we explore the relation between the co-polynomials on the real
line (on the unit circle), and the corresponding sequences of monic orthogonal
polynomials obtained on the unit circle (on the real line) via Szego˝ trans-
formation. In Section 5 we investigate the relations between the symmetric
polynomials on [-1,1] and sieved polynomials, and the corresponding sequence
of monic orthogonal polynomials on the unit circle (on the real line) through
the Szego˝ transformation.
2 Associated and anti-associated polynomials on the real line
From the sequence of monic orthogonal polynomials {Pn}n>0 we can define
the sequence of associated monic polynomials of order k [8], {P (k)n }n>0, k > 1,
by means of the shifted recurrence relation
P
(k)
n+1(x) = (x− bn+k+1)P (k)n (x) − dn+kP (k)n−1(x), n > 0,
with P
(k)
−1 (x) = 0 and P
(k)
0 (x) = 1.
Here, we study the relation between the associated polynomials of order k
on the real line and the corresponding sequence of monic orthogonal polyno-
mials obtained on the unit circle via the Szego˝ transformation. We focus our
attention on the resulting C-function and the Verblumsky coefficients.
Theorem 1 Let {αˆn}n≥0 be the Verblunsky coefficients for the correspond-
ing OPUC related to the associated polynomials of order k on the real line
6 K. Castillo et al.
{P (k)n }n>0, through the Szego˝ transformation. Then, for a fixed non-negative
integer k,
αˆ0 = bk+1, αˆ1 = −1 + 2dk+1
1− αˆ20
,
αˆ2m =
2bm+k+1 + (1 + αˆ2m−1)αˆ2m−2
1− αˆ2m−1 , m ≥ 1,
αˆ2m+1 = −1 + 4dm+k+1
(1− αˆ2m−1)(1 − αˆ22m)
, m ≥ 1,
with αˆ−1 = −1.
Proof Let {bˆn}n≥1 and {dˆn}n≥1 be the recurrence coefficients for the associ-
ated polynomials of order k on the real line {P (k)n }n>0. From (1.7) and (1.8),
for n ≥ 0, we have
αˆ2n =
2bˆn+1 + (1 + αˆ2n−1)αˆ2n−2
(1 − αˆ2n−1) ,
αˆ2n+1 = −1 + 4dˆn+1
(1− αˆ2n−1)(1 − αˆ22n)
.
Since bˆn = bn+k and dˆn = dn+k for all n ≥ 1, and assume that αˆ−1 = −1, the
result follows as a consequence of straightforward computations.
The S-function S(k)(x) corresponding to the associated polynomials of order
k, can be written as
S(k)(x)=˙B(k)(x)S(x), (2.9)
where
B
(k)(x) =
 Pk(x) −P (1)k−1(x)
dkPk−1(x) −dkP (1)k−2(x)
 .
Then, applying the Szego˝ transformation to (2.9) we have the following result.
Theorem 2 Let Fˆ (k)(z) be the C-function for the corresponding associated
polynomials of order k through the Szego˝ transformation. Then
2z
1− z2 Fˆ
(k)(z) =˙ B(k)
(
z + z−1
2
)(
2z
1− z2F (z)
)
,
with 2x = z + z−1.
As a direct consequence of the above theorem, for k = 1 we have a result
proved in [7].
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Corollary 1 If FΩ(z) denotes the C-function corresponding to the associated
polynomials of the second kind Ωn(z) on T, then
Fˆ (1)(z) =
−(1− z2)2FΩ(z) + (1− z2)(z2 − 2b1z + 1)
4d1z2
.
Notice that FΩ(z) =
1
F (z) .
Let us consider a new family of orthogonal polynomials, {P (−k)n }n>0, which
is obtained by introducing new coefficients b−i (i = k − 1, k− 2, . . . , 0) on the
diagonal, and d−i (i = k−1, k−2, . . . , 0) in the lower subdiagonal of the Jacobi
matrix. These polynomials are called anti-associated polynomials of order k,
and were analyzed in [16].
The relation between the recurrence coefficients of the anti-associated poly-
nomials of order k on the real line and the Verblunsky coefficients for the
corresponding sequence of monic orthogonal polynomials obtained on the unit
circle via the Szego˝ transformation can be stated as follows.
Theorem 3 Let {α˜n}n≥0 be the Verblunsky coefficients for the correspon-ding
OPUC related to the anti-associated polynomials of order k on the real line
{P (−k)n }n>0, through the Szego˝ transformation. Then, for a fixed non-negative
integer k,
α˜0 = b1−k, α˜1 = −1 + 2d1−k
1− α˜20
,
α˜2m =
2bm−k+1 + (1 + α˜2m−1)α˜2m−2
1− α˜2m−1 , m ≥ 1,
α˜2m+1 = −1 + 4dm−k+1
(1 − α˜2m−1)(1− α˜22m)
, m ≥ 1,
with αˆ−1 = −1.
Proof Let {b˜n}n≥1 and {d˜n}n≥1 be the recurrence coefficients for the anti-
associated polynomials of order k on the real line {P (−k)n }n>0. From (1.7) and
(1.8), for n ≥ 0 we have
α˜2n =
2b˜n+1 + (1 + α˜2n−1)α˜2n−2
(1 − α˜2n−1) ,
α˜2n+1 = −1 + 4d˜n+1
(1− α˜2n−1)(1 − α˜22n)
.
Since b˜n = bn−k and d˜n = dn−k for all n ≥ 1, and assume that α˜−1 = −1.
Therefore, the result follows after some computations.
The S-function S(−k)(x), corresponding to the anti-associated polynomials
of order k [20], can be written as
S(−k)(x)=˙B(−k)(x)S(x), (2.10)
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where
B
(−k)(x) =
d˜kP (−k)k−2 (x) −P (−k+1)k−1 (x)
d˜kP
(−k)
k−1 (x) −P (−k+1)k (x)
 .
From (2.10) and the Szego˝ transformation, we can state the analogue of The-
orem 6.
Theorem 4 Let F˜ (−k)(z) be the C-function for the corresponding anti-associated
polynomials of order k through the Szego˝ transformation. Then
2z
1− z2 F˜
(−k)(z) =˙ B(−k)
(
z + z−1
2
)(
2z
1− z2F (z)
)
,
with 2x = z + z−1.
For k = 1, as an analog to corollaryllary 1, we have the result proved in [7].
Corollary 2 Let F˜Ω(z) be the C-function corresponding to the anti-associated
polynomials of the second kind on T through the Szego˝ transformation. Then
F˜Ω(z) =
1
F˜ (−1)(z)
=
A˜(z)F (z) + B˜(z)
D˜(z)
where A˜(z) = 4d˜1z
2, B˜(z) = −(1− z2)(z2− 2b1z+1) and D˜(z) = −(1− z2)2.
3 Associated and anti-associated polynomials on the unit circle
Let {Φn}n>0 be the monic orthogonal polynomial sequence with respect to a
nontrivial probability measure dσ supported on T. We denote by {Φ(k)n }n>0
be the k-th associated sequence of polynomials of order k > 1 for the monic
orthogonal sequence {Φn}n>0, see [14]. In this case they are generated by the
recurrence relation
Φ
(k)
n+1(z) = zΦ
(k)
n (z)− αn+k
(
Φ(k)n (z)
)∗
, n ≥ 0.
Now, we study the relation between the associated polynomials of order k on
the unit circle and the corresponding sequence of monic orthogonal polyno-
mials obtained on the real line via the inverse of the Szego˝ transformation.
We focus our attention on the resulting S-function and the parameters of the
three term recurrence relation.
Theorem 5 Let {bˆn}n≥1 and {dˆn}n≥1 be the recurrence coefficients for the
corresponding OPRL related to the associated polynomials of order k on the
unit circle {Φ(k)n }n>0, through the Szego˝ transformation. Then, for k = 2m−1
dˆ1 =
1 + α2m−1
v2m+1
dm+1, dˆn+1 =
v2(n+m)−1
v2(n+m)+1
dn+m+1, n ≥ 1,
bˆ1 = α2m−1, bˆn+1 = bn+m+1 + v2(n+m)−2 − v2(n+m), n ≥ 1,
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and for k = 2m,
dˆ1 = λdm+1, dˆn+1 = dn+m+1, n ≥ 1,
bˆ1 = α2m, bˆn+1 = bn+m+1, n ≥ 1,
with λ = 21−α2m−1 and vn =
1
2 (1 + αn)(1− αn−1).
Proof Let {αˆn}n>0 be the Verblunsky coefficients for the associated polyno-
mials of order k with respect to {Φn}n>0. From (1.7) for k = 2m−1 and n = 0
we get
dˆ1 =
1
4
(1− αˆ−1)(1 − αˆ20)(1 + αˆ1),
=
1
2
(1− α22m−1)(1 + α2m),
=
1 + α2m−1
v2m+1
dm+1.
For n ≥ 1,
dˆn+1 =
1
4
(1− αˆ2n−1)(1 − αˆ22n)(1 + αˆ2n+1),
=
1
4
(1− α2(n+m)−2)(1 − α22(n+m)−1)(1 + α2(n+m)),
=
v2(n+m)−1
v2(n+m)+1
dn+m+1.
On the other hand, from (1.8),
bˆ1 =
1
2
[αˆ0(1− αˆ−1)− αˆ−2(1 + αˆ−1)] = α2m−1.
For n ≥ 1,
bˆn+1 =
1
2
[αˆ2n(1 − αˆ2n−1)− αˆ2n−2(1 + αˆ2n−1)] ,
=
1
2
[
α2(n+m)−1(1− α2(n+m)−2)− α2(n+m)−3(1 + α2(n+m)−2)
]
,
= −1 + v2(n+m)−1 + v2(n+m)−2,
= bn+m+1 + v2(n+m)−2 − v2(n+m).
Finally, for k = 2m, the results follow after similar computations.
Consider the C-function F (k)(z), corresponding to the associated polyno-
mials of order k, given by
F (k)(x)=˙Υ (k)(x)F (x) (3.11)
where
Υ
(k)(x) =
[
Φk(z) + Φ
∗
k(z) Ωk(z)−Ω∗k(z)
Φk(z)− Φ∗k(z) Ωk(z) +Ω∗k(z)
]
.
Then, applying the Szego˝ transformation to (3.11) we have the following result.
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Theorem 6 Let Sˆ(k)(x) be the S-function for the corresponding associated
polynomials of order k through the Szego˝ transformation. Then√
x2 − 1 Sˆ(k)(x) =˙ Υ (k)
(
x−
√
x2 − 1
)(√
x2 − 1S(x)
)
,
with z = x−√x2 − 1.
For k = 2 we have the following result.
Corollary 3
Sˆ(2)(x) =˙
[
P1(x) −1
(λ − 1)(1− x2) (λ − 1)(x+ b1)
]
S(x),
with λ = 21−α1 .
For more details about this case and the case k = 1 see [6].
Let {Φn}n>0 be the monic orthogonal polynomial sequence with respect
to a nontrivial probability measure dσ supported on T. Let ξ0, ξ1, . . . , ξk−1
be complex numbers with |ξi| < 1, 0 6 i 6 k − 1. We denote the anti-
associated polynomials of order k of {Φn}n>0, {Φ(−k)n }n>0, as the sequence
of monic orthogonal polynomials generated by the Verblunsky coefficients
{ξi}k−1i=0
⋃ {αn−k}n≥k.
We now study the relation between the anti-associated polynomials of order
k on the unit circle and analyze the corresponding transformation obtained on
the real line using the Szego˝ transformation.
Theorem 7 Let {b˜n}n≥1 and {d˜n}n≥1 be the recurrence coefficients for the
corresponding OPRL related to the anti-associated polynomials of order k on
the unit circle {Φ(−k)n }n>0, through the Szego˝ transformation. Let {α˜n}n≥0 =
{ξn}k−1n=0
⋃ {αn−k}n≥k be the Verblunsky coefficients for {Φ(−k)n }n>0 with α˜−1 =
−1. Then, for k = 2m− 1,
d˜n+1 =

1
2 (1− ξ20)(1 + ξ1), n = 0,
1
4 (1− ξ2n−1)(1− ξ22n)(1 + ξ2n+1), 1 ≤ n ≤ m− 2,
1
4 (1− ξ2n−1)(1− ξ22n)(1 + α2(n−m)+2), n = m− 1,
1
4 (1− α2(n−m))(1 − α22(n−m)+1)(1 + α2(n−m)+2), n ≥ m,
b˜n+1 =

ξ0, n = 0,
1
2 [(1 − ξ2n−1)ξ2n − (1 + ξ2n−1)ξ2n−2], 1 ≤ n ≤ m− 1,
1
2 [(1 − α2(n−m))α2(n−m)+1 − (1 + α2(n−m))ξ2n−2], n = m,
1
2 [(1 − α2(n−m))α2(n−m)+1 − (1 + α2(n−m))α2(n−m)−1], n > m.
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For k = 2m,
d˜n+1 =

1
2 (1− ξ20)(1 + ξ1), n = 0,
1
4 (1− ξ2n−1)(1− ξ22n)(1 + ξ2n+1), 1 ≤ n ≤ m− 1,
1
4 (1− ξ2n−1)(1− α22(n−m))(1 + α2(n−m)+1), n = m,
dn−m+1, n > m,
b˜n+1 =

ξ0, n = 0,
1
2 [(1− ξ2n−1)ξ2n − (1 + ξ2n−1)ξ2n−2], 1 ≤ n ≤ m− 1,
1
2 [(1− ξ2n−1)α2(n−m) − (1 + ξ2n−1)ξ2n−2], n = m,
bn−m+1, n > m.
Proof From (1.7), for n = 0, we get
d˜1 =
1
4
(1− α˜−1)(1 − α˜20)(1 + α˜1) =
1
2
(1− ξ20)(1 + ξ1).
For 1 ≤ n ≤ m− 2,
d˜n+1 =
1
4
(1− α˜2n−1)(1 − α˜22n)(1 + α˜2n+1),
=
1
4
(1− ξ2n−1)(1− ξ22n)(1 + ξ2n+1).
For n = m− 1,
d˜n+1 =
1
4
(1− α˜2n−1)(1− α˜22n)(1 + α˜2n+1),
=
1
4
(1− ξ2n−1)(1 − ξ22n)(1 + α2(n−m)+2).
Finally, for n ≥ m,
d˜n+1 =
1
4
(1− α˜2n−1)(1− α˜22n)(1 + α˜2n+1),
=
1
4
(1− α2(n−m))(1− α22(n−m)+1)(1 + α2(n−m)+2).
On the other hand, from (1.8), for n = 0,
b˜1 =
1
2
[(1− α˜−1)α˜0 − (1 + α˜−1)α˜−2] = ξ0.
For 1 ≤ n ≤ m− 1,
b˜n+1 =
1
2
[(1 − α˜2n−1)α˜2n − (1 + α˜2n−1)α˜2n−2],
=
1
2
[(1 − ξ2n−1)ξ2n − (1 + ξ2n−1)ξ2n−2].
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For n = m
b˜n+1 =
1
2
[(1− α˜2n−1)α˜2n − (1 + α˜2n−1)α˜2n−2],
=
1
2
[(1− α2(n−m))α2(n−m)+1 − (1 + α2(n−m))ξ2n−2].
Finally, for n > m,
b˜n+1 =
1
2
[(1− α˜2n−1)α˜2n − (1 + α˜2n−1)α˜2n−2],
=
1
2
[(1− α2(n−m))α2(n−m)+1 − (1 + α2(n−m))α2(n−m)−1].
When, for k = 2m, the results follow in a similar way.
Consider the C-function F (−k)(z) corresponding to the anti-associated poly-
nomials of order k, given by
F (−k)(x)=˙Υ (−k)(x)F (x), (3.12)
where
Υ
(−k)(x) =
[
Ω˜k(z) + Ω˜
∗
k(z) Ω˜
∗
k(z)− Ω˜k(z)
Φ˜∗k(z)− Φ˜k(z) Φ˜k(z) + Φ˜∗k(z)
]
.
Then, applying the Szego˝ transformation to (3.12) we have the following result.
Theorem 8 Let S˜(−k)(x) be the S-function for the corresponding anti-associated
polynomials of order k through the Szego˝ transformation. Then√
x2 − 1 S˜(−k)(x) =˙ Υ (−k)
(
x−
√
x2 − 1
)(√
x2 − 1S(x)
)
,
with z = x−√x2 − 1.
For k = 2, we get
Corollary 4
S˜(−2)(x) =˙
[
K˜(x− b˜1) 1
K˜(x2 − 1) x+ b˜1
]
S(x),
with K˜ =
1− ξ1
1 + ξ1
.
An equivalent result to the previous one when k = 1 can be found in [6].
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4 Co-polynomials on the real line and the unit circle
Let {gn}n>0 be a sequence of orthogonal polynomials satisfying the three term
recurrence relation for OPRL with new recurrence coefficients, {bn}n≥1 and
{dn}n≥1, i.e.,
gn+1(x) = (x − bn+1)gn(x) − dngn−1(x),
with initial conditions g−1(x) = 0 and g0(x) = 1, perturbed in a (generalized)
co-dilated and/or co-recursive way, namely co-polynomials on the real line
(COPRL). In other words, we will consider an arbitrary single modification of
the recurrence coefficients as follows
dn = λ
δn,k
k dn, λk > 0, (co-dilated case) (4.13)
bn = bn + τk+1δn,k+1, τk+1 ∈ R. (co-recursive case) (4.14)
where k is a fixed non-negative integer number, and δnk is the Kronecker delta.
The modification of the Verblunsky coefficients for the corresponding OPUC
associated with the perturbed recurrence coefficients through the Szego˝ trans-
formation is shown in the following result.
Theorem 9 Let {α̂n}n≥0 be the Verblunsky coefficients for the correspon-ding
OPUC, associated with (4.13) and (4.14) through the Szego˝ transformation.
Then, for a fixed non-negative integer k,
α̂n = αn, 0 ≤ n < 2k − 1,
α̂2k−1 = α2k−1 +M,
α̂2k =
(1− α2k−1)α2k + 2τk+1 +Mα2k−2
1− α2k−1 −M ,
α̂2m+1 = −1 + 4dm+1
(1 − α̂2m−1)(1− α̂22m)
, n = 2m+ 1, m ≥ k,
α̂2m =
2bm+1 + (1 + α̂2m−1)α̂2m−2
1− α̂2m−1 , n = 2m, m ≥ k + 1,
where M =
4(λk − 1)dk
(1− α2k−3)(1 − α22k−2)
.
Proof From (1.7) and (1.8), for n ≥ 0 we have
α2n =
2bn+1 + (1 + α2n−1)α2n−2
(1 − α2n−1) ,
α2n+1 = −1 + 4dn+1
(1− α2n−1)(1 − α22n)
.
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Thus, according to (4.13) and (4.14),
α̂n = αn, 0 ≤ n < 2k − 1,
α̂2k−1 = −1 + 4λkdk
(1 − α2k−3)(1− α22k−2)
,
α̂2k =
2(bk+1 + τk+1) + (1 + α̂2k−1)α2k−2
1− α̂2k−1 ,
α̂2m+1 = −1 + 4dm+1
(1 − α̂2m−1)(1− α̂22m)
, n = 2m+ 1, m ≥ k,
α̂2m =
2bm+1 + (1 + α̂2m−1)α̂2m−2
1− α̂2m−1 , n = 2m, m ≥ k + 1,
and the theorem follows as a consequence of straightforward computations.
Note that the modifications (4.13) and (4.14) imply through the Szego˝
transformation the modification of all the Verblunsky coefficients greater than
k.
Consider the S-function S(x;λk, τk+1), associated with the COPRL [3],
given by
S(x;λk, τk+1)=˙cof(Mk)S(x).
By applying the Szego˝ transformation to this equation, we have the following
result.
Theorem 10 Let F (z;λk, τk+1) be the C-function associated with the pertur-
bations (4.13) and (4.14) through the Szego˝ transformation. Then,
2z
1− z2F (z;λk, τk+1) =˙ cof
(
Mk
(
z + z−1
2
)) (
2z
1− z2F (z)
)
,
with 2x = z + z−1.
For the finite composition of perturbations (4.13) and (4.14), we can con-
sider the S-function S(x;λm, τm+1; . . . ;λk, τk+1), associated with the COPRL
Pn(x;λm, τm+1; . . . ;λk, τk+1) [3], given by
S(x;λm, τm+1; . . . ;λk, τk+1) =˙ cof
 k∏
j=m
Mj
 S(x).
Then, applying the Szego˝ transformation, we get the following result.
Theorem 11 Let F (z;λm, τm+1; . . . ;λk, τk+1) be the C-function associated
with the finite composition of perturbations (4.13) and (4.14) through the Szego˝
transformation. Then,
2z
1− z2F (z;λm, τm+1; . . . ;λk, τk+1) =˙ cof
 k∏
j=m
Mj
(
z + z−1
2
) ( 2z
1− z2F (z)
)
,
with 2x = z + z−1.
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For a fixed non-negative integer number k, let us consider the perturbed
Verblunsky coefficients {βn}n≥0 given by
βn = ηkδnk + (1− δnk)αn. (k-modification) (4.15)
where ηk is an arbitrary complex number. In order to achieve a new sequence
of Verblunsky coefficients, from now on we assume that |ηk| < 1 with ηk 6= αk.
We define a sequence of monic co-polynomials on the unit circle (COPUC, in
short), {Φn(·; k)}n≥0, those polynomials generated using {βn}n≥0 through the
Szego˝ recurrences. Analogously, we denote by {Ωn(·; k)}n≥0 the corresponding
second kind polynomials.
Let us consider the C-function F (z; l, . . . ,m) associated with the finite com-
position of perturbations (4.15) [2], given by
F (z; l, . . . ,m) =˙
m∏
j=l
Bj(z)Fσ(z).
Then, applying the Szego˝ transformation, we have the following Theorem.
Theorem 12 Let S(x; l, . . . ,m) be the S-function for the corresponding OPRL
associated with the finite composition of perturbations (4.15) through the Szego˝
transformation. Then,√
x2 − 1 S(x; l, . . . ,m) =˙
m∏
j=l
Bj(x−
√
x2 − 1)
(√
x2 − 1Sµ(x)
)
,
with z = x−√x2 − 1.
4.1 Verblunsky coefficients and LU factorization
If we define the sequence {vk}k>0,
vk =
1
2
(1 + αk)(1 − αk−1), (4.16)
then we have
dk+1 = v2kv2k+1, (4.17)
bk+1 + 1 = v2k−1 + v2k, (4.18)
and, we can find a unique factorization
J+ I = LU,
where J is the Jacobi matrix associated with (1.1), I is the identity matrix, L
is a lower bidiagonal matrix, and U is a upper bidiagonal matrix, with
L =

1
v1 1
v3 1
. . .
. . .
 , U =

v0 1
v2 1
v4 1
. . .
. . .
 .
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Thus, from (4.16), we have
αk = −1 + 2vk
1− αk−1 , (4.19)
or equivalently,
αk = −1 + 2vk2 −
2vk−1
2
− · · · − 2v1
2− v0 .
Therefore, from the a sequence {vk}k>0 we can determine in a very simple
way the Verblunsky coefficients {αk}k>0 for the measure dσ supported on T.
From (4.17) and (4.18), we can find the sequence {vk}k>0 in terms of the
recurrence coefficients {bk}k>1 and {dk}k>1, as follows
v2k = bk+1 + 1− dkbk + 1 − · · · −
d1
b1 + 1
,
v2k+1 =
dk+1
bk+1 + 1
− dk
bk + 1
− · · · − d1
b1 + 1
,
with k ≥ 0.
If we perturb the Jacobi matrix J at level k, then we have a new sequence
{v˜n}n>0, given by
v˜2n = bn+1 + 1− dnbn + 1 − · · · −
dk+1
bk+1 + τk+1 + 1
− λkdk
bk + 1
− · · · − d1
b1 + 1
,
v˜2n+1 =
dn+1
v˜2n
,
with k ≥ 0. This can be summarized in the following Theorem.
Theorem 13 Let {v˜n}n>0 be the new sequence associated with (4.13) and
(4.14). Then
v˜n = vn, 0 ≤ n ≤ 2k − 1,
v˜2k = v2k + (1 − λk)v2k−1 + τk+1,
v˜2m+1 =
dm+1
v˜2m
, v˜2(m+1) = bm+2 + 1− v˜2m+1, m ≥ k.
Therefore, as we mentioned previously, we can compute the new Verblunsky
coefficients directly from the sequence {v˜n}n>0 as follows.
Theorem 14 Let {α̂n}n>0 be the Verblunsky coefficients for the correspon-
ding OPUC associated with the perturbations (4.13) and (4.14) through Szego˝
transformation. Then,
α̂n = αn, 0 ≤ n ≤ 2k − 1,
α̂2k = α2k +
2[(1− λk)v2k−1 + τk+1]
1− α2k−1 ,
α̂n = −1 + 2v˜n
1− α̂n−1 , n ≥ 2k + 1.
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Proof From (4.19) and Theorem 13, for n = 2k we have
α̂2k = −1 + 2v˜2k
1− α2k−1 = −1 +
2[v2k + (1− λk)v2k−1 + τk+1]
1− α2k−1
and the theorem follows.
This is an alternative way to compute the perturbed Verblunsky coefficients
through the Szego˝ transformation using the LU factorization.
5 Examples
5.1 Symmetric polynomials on [−1, 1]
Let {Sn}n>0 be a sequence of monic symmetric polynomials orthogonal with
respect to an even weight function supported on a symmetric subset of [−1, 1].
They are generated by
Sn+1(x) = xSn(x)− dnSn−1(x), dn 6= 0, d0 = 1, n > 0,
with initial conditions S−1(x) = 0 and S0(x) = 1, see [4].
Let {γn}n>0 be the Verblunsky coefficients for the corresponding OPUC,
{Φn}n≥0, related to the symmetric OPRL {Sn}n>0, through Szego˝ transfor-
mation. Then,
γ2n = 0, γ2n+1 = −1 + 4dn+1
1− γ2n−1 , n ≥ 0 (5.20)
with γ−1 = −1.
Indeed, from (1.8), since bn = 0 for every n ≥ 0, we have γ2n = 0, n ≥ 0.
Then, from (1.7), we deduce that
dn+1 =
1
4
(1− γ2n−1)(1 + γ2n+1), n ≥ 0,
and (5.20) follows.
Let {γ̂n}n≥0 be the Verblunsky coefficients for the corresponding OPUC,
associated with (4.13) through the Szego˝ transformation. Then, for a fixed
non-negative integer k,
γ̂2n = γ2n = 0, n ≥ 0,
γ̂2n−1 = γ2n−1, 0 ≤ n < k,
γ̂2k−1 = γ2k−1 +
4(λk − 1)dk
1− γ2k−3 ,
γ̂2n+1 = −1 + 4dn+1
(1− γ̂2n−1) , n ≥ k.
Notice that the modification (4.13) yields, from the Szego˝ transformation,
the modification of all odd Verblunsky coefficients greater than k.
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5.2 Sieved polynomials on the unit circle
Let dσ be a nontrivial probability measure supported on T and let {Φn}n≥0 be
the corresponding OPUC. For a positive integer ℓ the sieved OPUC {Φ{ℓ}n }n≥0
are defined as those orthogonal polynomials associated with the Verblunsky
coefficients {α{ℓ}n }n≥0 given by
α{ℓ}n =
{
αm−1 if n+ 1 = mℓ,
0 otherwise,
(5.21)
for n ≥ 0. We also denote by σ{ℓ} the nontrivial probability measure supported
on T associated with {α{ℓ}n }n≥0. Note that {Φ{1}n }n≥0 are the polynomials
{Φn}n≥0. The earliest treatment of {Φ{ℓ}n }n≥0 for ℓ ≥ 2 is found in [1,13,11].
The best general reference on this subject is the work of Petronilho [15], see
also [5].
Consider the case ℓ = 2, then from (5.21) we have {α{2}n }n≥0 = {0, α0, 0, α1, . . .}.
Then we have the following result.
Let {b{2}n }n≥1 and {d{2}n }n≥1 be the recurrence coefficients for the corre-
sponding OPRL, {P {2}n }n≥0, related to the sieved OPUC {Φ{2}n }n≥0, through
Szego˝ transformation. Then,
b
{2}
n+1 = 0, d
{2}
n+1 =
1
4
(1− αn−1)(1 + αn), n ≥ 0. (5.22)
From (1.8), since α
{2}
2n = 0 for every n ≥ 0, we have b{2}n+1 = 0, n ≥ 0. Then,
from (1.7), we deduce that
d
{2}
n+1 =
1
4
(1 − α{2}2n−1)(1 + α{2}2n+1), n ≥ 0.
Since {α{2}n }n≥0 = {0, α0, 0, α1, . . .} (5.22) follows.
Let {b̂{2}n }n≥1 and {d̂{2}n }n≥1 be the recurrence coefficients for the corre-
sponding OPRL associated with (k-modification) through the Szego˝ transfor-
mation. Then, for a fixed non-negative integer k,
d̂
{2}
n+1 =
(
1 + ηk
1 + αk
)δn+1,k+1 ( 1− ηk
1− αk
)δn+1,k+2
d
{2}
n+1,
b̂
{2}
n+1 = 0.
Note that this k-modification yields, by using the Szego˝ transformation, the
modification of two consecutive recurrence coefficients d
{2}
k+1 and d
{2}
k+2.
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